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Starting from the shell structure in atoms and the significant correlation within electron pairs,
we distinguish the exchange-correlation effects between two electrons of opposite spins occupying
the same orbital from the average correlation among many electrons in a crystal. In the periodic
potential of the crystal with lattice constant larger than the effective Bohr radius of the valence
electrons, these correlated electron pairs can form a metastable energy band above the corresponding
single-electron band separated by an energy gap. In order to determine if these metastable electron
pairs can be stabilized, we calculate the many-electron exchange-correlation renormalization and
the polaron correction to the two-band system with single electrons and electron pairs. We find
that the electron-phonon interaction is essential to counterbalance the Coulomb repulsion and to
stabilize the electron pairs. The interplay of the electron-electron and electron-phonon interactions,
manifested in the exchange-correlation energies, polaron effects, and screening, is responsible for the
formation of electron pairs (bipolarons) that are located on the Fermi surface of the single-electron
band.
PACS numbers:
I. INTRODUCTION
Since the discovery of high Tc superconductivity by
Bednorz and Mu¨ller[1] in 1986, great progresses have
been made in the experimental and theoretical investi-
gation of unconventional superconductivity. However,
the mechanism of electron pairing in unconventional su-
perconductors remains one of the most challenging and
unresolved problems in condensed matter physics.[2–
4] Vast experimental evidences have shown that elec-
tron pairing and unconventional superconductivity oc-
cur in many different materials, such as cuprates,[1–
4] iron-based superconductors,[5–8] and carbon-based
superconductors,[9, 10] etc. Although there are many
different theories for unconventional superconductivity,
almost all theories follow the basic idea of the BCS
theory[11]. They presume that there is some effective
attraction between electrons leading to Cooper pairing
which spontaneously condense into a collective non-Fermi
liquid state.
We would like to mention some very recent experi-
mental results related to the electron-pairing mechanism
in unconventional superconductors. Bozˇovic´ et al. re-
ported very impressive and accurate results on super-
conductivity in high-Tc cuprates.[12] They synthesized
atomically perfect thin films and multilayers of cuprates
La2xSrxCuO4 (LSCO) and measured the absolute value
of the magnetic penetration depth and the phase stiffness
with high accuracy in thousands of samples. The large
statistics revealed clear trends in the intrinsic proper-
∗Corresponding e-mail: hai@ifsc.usp.br
ties of the cuprate superconductors. They found that
the obtained results disagree with the BCS theory in
any variant, i.e. clean or dirty, including the Migdal-
Eliashberg theory. Rather, the experimental data in-
dicated small (local) and very light electron pairs with
mass on the order of an electron mass. These pairs
are preformed well above Tc and at Tc undergo Bose-
Einstein condensation.[12, 13] Investigations performed
by Zhong et al.[14] and by Ren et al.[15] challenged the
d-wave pairing mechanism in cuprates. With scanning
tunneling spectroscopy, they revealed anisotropic and
nodeless superconducting gaps in the cuprate supercon-
ductors Bi2Sr2CaCu2O8+δ (Bi2212) and YBa2Cu3O7−x
(YBCO). In their paper, Zhong et al.[14] affirmed that
“this is contradictory to the nodal d-wave pairing sce-
nario that is often thought to be the most important
result in the 30-year study of the HTS mechanism of
cuprates”.
Important progresses in recent investigations on the
electron pairing mechanism in iron-based superconduc-
tors indicate small and preformed Cooper pairs.[6–8]
For instance, using Bogoliubov quasiparticle interference
imaging, Sprau et al.[6] found that the superconduct-
ing energy gap in FeSe is extremely anisotropic and
nodeless. Their investigation discovered the existence of
orbital-selective Cooper pairing in FeSe. Gerber et al.[8]
combined two time-domain experiments into a coherent
lock-in measurement in the terahertz regime and was
able to quantify the electron-phonon coupling strength
in FeSe. Their study revealed a strong enhancement of
the electron-phonon coupling strength in FeSe owing to
electron correlations and highlighted the importance of
the cooperative interplay between electron-electron and
electron-phonon interactions
In this paper, we present a theory for electron pairing
2in crystals where we consider the electron-electron corre-
lation, the periodic potential of the crystal lattice, and
the electron-phonon interaction. Our theory is different
from all previous ones. We obtain preformed small elec-
tron pairs in the periodic potential of the crystal. This is
essentially an orbital dependent electron-pairing theory
in which the exchange-correlation between two electrons
occupying the same orbital is decisive for pair formation.
However such pairs are metastable unless the electron-
phonon interaction is included. The calculations show
that the electron-phonon coupling and the polaron ef-
fects are responsible for the stabilization of the electron
pairs.
Our basic idea for the electron pairing process is
that the electron-electron correlation is orbital depen-
dent. Within the jellium model for the electron gas in
solids,[16] the atomic nuclei that form the periodic lat-
tice are smeared out into a uniform positive charge dis-
tribution. Each electron is totally delocalized. There-
fore, many electrons “see” each other with their fluctua-
tion potential at the same time and thus correlate all at
once, giving rise to collective screening and oscillation
effects. However, in atoms and molecules, significant
correlations occur within electron pairs.[17–19] Strong
exchange-correlation interaction between two electrons in
the same orbital manifests in the shell structure of atoms
and also in the covalent and ionic bonding in molecules.
Our starting point in this study is to distinguish the
exchange-correlation effects between two electrons of op-
posite spins occupying the same atomic orbital from the
average correlation among many electrons in a crystal.
This may happen in a crystal but the electrons have to
“feel” the nuclei potential well. This leads to a prelimi-
nary condition that the effective Bohr radius of the va-
lence electrons in the crystal has to be comparable or
smaller than the lattice constant. For instance, for a
cuprate crystal with effective electron mass m∗ ≃ 5m0
and static dielectric constant ǫ0 ≃ 30, the effective Bohr
radius aB ≃ 3.2 A˚ is smaller than the lattice constant of
about 3.8 A˚. Because we want to show that the electron-
pair correlation in atoms can manifest themselves in elec-
tron transport in crystals, our calculations have to start
first with the formation of energy bands.[20]
In order to find out the electron-pair states in the
crystal, we will first establish a simple crystal model to
discuss the physical process. We consider a “hydrogen
solid” model with single-electron state of H atom and
electron-pair state of the H− ion. We will show that,
besides the energy bands from the single-electron energy
levels of individual atoms in the crystal, there can exist a
metastable electron-pair energy band from the correlated
electron pairs of the H− state for the lattice constant λ
being larger than the effective Bohr radius aB.[21] The
electron pairs are metastable because the Coulomb repul-
sion is strong overwhelming the exchange-correlation. In
order to stabilize them we have to include the electron-
phonon interaction to counterbalance the Coulomb re-
pulsion. Therefore, the electron-phonon interaction is
necessitated in a natural way in the electron pairing pro-
cess.
This paper is organized as follows. In Sec. II we cal-
culate and discuss the metastable electron-pair energy
band in two-dimensional square-lattice crystals. In Sec.
III we present the many-particle Hamiltonian consisting
of electrons in both the single-electron and electron-pair
bands being coupled to the LO-phonons. In Sec. IV
and Sec. V, we calculate the many-particle exchange-
correlation (xc) energies due to electron-electron interac-
tions and polaron energies due to electron-phonon inter-
actions. Then, we show in Sec. VI the conditions under
which the metastable electron pairs can be stabilized in
the ground state including many-body effects. Finally,
we summarize our work in Sec. VII.
In the calculations, we will use effective Bohr radius
aB = ǫ0h¯
2/m∗e2 and effective Rydberg Ry = h¯
2/2m∗a2B
as the units for length and energy, respectively.
II. METASTABLE ELECTRON PAIRS IN
CRYSTAL
Electronic band structure is of fundamental impor-
tance for our understanding of many physical properties
of solids. Within the independent electron approxima-
tion, the electron states are of Bloch form in the periodic
potential of the crystal lattice. The effects of electron-
electron interactions are accounted for by an effective
potential which repeats this periodicity.[20] In this sec-
tion, we will show that, besides the energy bands from
the single-electron states there can exist a metastable
electron-pair energy band depending upon the crystal
structure and potential. This metastable electron-pair
band originates from two correlated electrons of opposite
spins occupying the same atomic orbital.
A. Two-electron atoms
Our study will start with the simplest electron-pair
system, i.e., two-electron atoms. These helium-like atoms
with two electrons of opposite spins occupying the same
orbital, e.g. helium atom He and negatively charged hy-
drogen anion H− have played an important role in the
development of theoretical physics in the last century.[22]
It is a challenge to determine accurately the correlation
energy, even in simple systems such as He atom and
H− ion.[22–25] Hylleraas’ result for the ground-state en-
ergy of He atom obtained in 1929 was -5.80648 Ry[26].
After generations of calculation, very accurate (non-
relativistic) ground-state energies[27–32] of two electron
atoms have been obtained: -5.807448754068· · · Ry for
He and -1.055502033088· · ·Ry for H−. Recently, using
high-precision variational calculations Estienne et al.[33]
determined the critical nuclear charge Zc=0.911 028 224
077 255 73(4) which is the minimum charge required to
bind two electrons in a helium-like atom.
3TABLE I: The ground-state energies of negative hydrogen ion
H− and hydrogen atom H in 2D and 3D. Eb is the binding
energy of H−. The energy per electron in H− state is given
by εp = EH−/2. Energies are in units of Ry.
EH− EH Eb εp
3D −1.055 −1.0 0.055 −0.528
2D −4.48 −4.0 0.48 −2.24
On the other hand, the famous experiment on two-
electron atoms by Madden and Codling[34] revealed that
the simple model based on independent particle picture
is inappropriate to characterize a series of doubly excited
states because of strong electron-electron correlation.[22,
34] In comparison with the single-electron states of the
H atom, the H− ion is a closed-shell system with two
strongly correlated electrons. Such an electron-pair state
is different in its nature from the single-electron states
because of the strong correlation. It should be recognized
as a new strongly correlated electronic state.
Negative hydrogen ion H− in two-dimensional (2D)
system has also been investigated in the last decades
mostly because of the discovery of its counterpart D−
center in 2D semiconductor quantum wells[35]. The D−
center is a negatively charged shallow donor impurity
center in semiconductors, such as a negatively charged
Si impurity in a GaAs quantum well. It is an H−-like
state in solid-state environment but with very different
energy and length scales (e.g., in GaAs, the effective Ry-
dberg Ry=5.9 meV and effective Bohr radius aB=98 A˚).
Therefore, the D− center in semiconductors is considered
as an ideal “laboratory” to study the H− properties, for
instance, in high magnetic fields.[36] Earlier variational
calculation by Phelps and Bajaj found the energy of the
H− in 2D is -4.48 Ry.[37] Further numerical calculations
obtained -4.48054 Ry by Ivanov and Schmelcher[38] and
-4.4804798 Ry by Ruan et al.[39].
In Table I we compare the ground-state energies of the
2D and 3D H− states. The binding energy Eb is defined
as the difference between the energiesEH of the neutral H
atom and EH− of the H
− ion. This is the energy required
to remove one of the two electrons from the H− ion to
infinity. It is also called electron affinity of the hydrogen
atom. One sees that the binding energy Eb of the H
−
in 2D is almost 9 times larger than that in 3D because
electron correlation in 2D is much stronger. In the last
column we also give the energy per electron εp in the H
−
state.
B. “Hydrogen solid” model with both the
single-electron and electron-pair states
In order to explain the so-called Mott insulator and
metal-insulator transition[40, 41], Mott considered a hy-
drogen solid model with the single-electron energy band
only, i.e., a simple cubic lattice crystal of one-electron
atoms and made the following discussion[40]. For small
values of the lattice constant λ, there is a half-filled band
in such a crystal and thus it is metallic. If one varies the
lattice constant to large values (but not so large as to
prevent tunnelling), the Coulomb interaction U for two
electrons occupying the same atomic site overcomes the
kinetic energy (characterized by the band width W ). In
this case, each electron should be assigned to its parent
atom. The crystal must be nearly the same as a collection
of isolated neutral hydrogen atoms and thus it is an insu-
lator. This reveals a competition between potential and
kinetic effects. At large λ (small W ) the Coulomb repul-
sion U dominates, the electrons are localized, and the sys-
tem is insulating.[40, 41]. The idea of Mott led to the the-
oretical model introduced by Hubbard.[42] The Hubbard
model traces the insulating behavior to strong Coulomb
repulsion between electrons occupying the same orbital.
The competition between the kinetic and Coulomb en-
ergies gives rise to strong electron-electron correlations.
The Hubbard model was proposed originally to describe
the transition between conducting and insulating sys-
tems. It has also been widely used to study materials
with strongly correlated electrons and high-temperature
superconductivity.[43]
In this paper we will consider both the single-electron
and electron-pair states in the “hydrogen solid” model.
Our calculation will be performed for 2D systems because
we can obtain more accurate numerical results in 2D. An-
other reason why 2D systems are more interesting is that
electron-electron correlations are stronger. Many uncon-
ventional superconductor materials are found to be essen-
tially two dimensional. Fig. 1 shows diagrams represent-
ing (a) a 2D H atom and (b) a 2D H− ion with their re-
spective energy levels. The nuclear potential Va(r−Rm)
of the atom is represented by the black curves, where
E
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FIG. 1: (a) A 2D H atom, (b) a 2D H− ion, and (c) a “hy-
drogen solid”. The horizontal lines indicate the energy levels
and bands.
4Rm is the position of the nucleus. The single-electron
levels of a 2D H atom are given by εi = −Ry/(i + 1/2)2
(for i=0,1,2,...). The energy level of a correlated electron
pair in H− ion, i.e., the energy per electron in the ground
state, is given by εp = EH−/2 = −2.24 Ry. We remind
that a single H− ion is stable.
We now consider the following “hydrogen solid”: N
atoms are arranged into a simple-lattice crystal at posi-
tions Rm (for m = 0, 1, 2, · · · , N − 1) with lattice con-
stant λ of the order of the Bohr radius aB as indicated
in Fig. 1(c). The crystal potential for an electron at rj
is given by
Vc(rj) =
N−1∑
m=0
Va(rj −Rm). (1)
It is known that the single-electron levels εi of individual
atoms form energy bands Ei(k) in such a crystal[20] as in-
dicated by the horizontal thick-blue lines in Fig. 1(c). In
principle, there is also the possibility that two electrons
of opposite spins occupy the same atomic orbital forming
an H−-like state in the crystal, but it becomes unstable
due to the presence of the neighbor atoms. Therefore, the
counterpart of the H− state in a crystal has never been
investigated. In this section we will show that, though
such an electron pair is unstable in a crystal due to the
Coulomb repulsion, they may form a metastable energy
band (indicated by the horizontal thick-green line in Fig.
1(c)) depending on the crystal structure and potential.
In such a crystal the lattice constant λ should not be so
small as to prevent individual atoms to bind two elec-
trons, but not so large as to prevent co-tunnelling of an
electron pair between the neighbor unit cells.
In the center of mass and relative coordinates (R,r) of
the two electrons at r1 and r2, defined by
R =
1
2
(r1 + r2) and r = r1 − r2, (2)
the wavefunction of an individual electron pair with en-
ergy 2εp bound to the atom at Rm is given by φ(R −
Rm, r). The Schro¨dinger equation for two electrons in
the crystal potential given by Eq. (1) can be written as,
[ − 1
2
∇2R − 2∇2r + Vc(r1) + Vc(r2) +
2
|r| ]Ψ(R, r)
= 2EpΨ(R, r), (3)
where r1 = R+ 12 r and r2 = R− 12 r. The term 2/|r| is the
Coulomb repulsion potential between the two electrons.
We should bear in mind that, due to electron-electron
repulsion, the ground state of this system can be found
for |r1 − r2| = |r| → ∞. In other words, the ground
state of this two-electron system corresponds to two non-
interacting single electrons separated by an infinitely long
distance. But we are looking for the quantum states of
two-correlated electrons occupying the same orbital in
the same unit cell in the crystal with the average separa-
tion 〈r〉 being less than the lattice constant λ. Therefore,
the electron-pair states in the crystal are metastable.
The calculations in Sec. II-C will confirm that such a
metastable state does exist in 2D periodic potentials.
If the electron-pair states of two correlated electrons in
the crystal can be approximated by a linear combination
of the electron-pair wavefunctions φ(R−Rm, r) of single
atoms, written as,
Ψ(R, r) =
∑
m
cmφ(R −Rm, r) (4)
for 〈r〉 < λ, we can obtain the following homogeneous
linear equations,∑
m
[Jp(Rm −Rn) + 2 (Ep − εp)αp(Rm −Rn)] cm = 0,
(5)
for n,m = 0, 1, 2, ..., N − 1, where αp(Rl) is the overlap
integral
αp(Rl) =
∫
dR
∫
drφ∗(R −Rl, r)φ(R, r), (6)
with αp(Rl = 0) = 1, and
Jp(Rl) = −
∫
dR
∫
drφ∗(R−Rl, r)∆Vl(R, r)φ(R, r),
(7)
with
∆Vl(R, r) =
∑
n6=l
[
Va(R−Rn + 12 r) + Va(R−Rn −
1
2
r)
]
.
(8)
We observe that Eq. (5) for cm depends only on Rl =
Rm −Rn. This is an eigenvalue problem of a block cir-
culant matrix.[44] The solution has the following form
cm = C · eik·Rm , (9)
where the vector k should be a reduced wavevector in the
first Brillouin zone and C is the normalization constant.
We finally obtain the electron-pair wavefunction in the
crystal given by
Ψk(R, r) =
∑
l e
ik·Rlφ(R −Rl, r)√
N
(
1 +
∑
l 6=0 e
ik·Rlαp(Rl)
) . (10)
The above wavefunction is a Bloch wavefunction in the
center of mass coordinates R because it can be written
as
Ψk(R, r) = Ce
ik·R
[∑
l
e−ik·(R−Rl)φ(R −Rl, r)
]
,
(11)
where the part in the square brackets is a periodic func-
tion in the coordinates R with period of the crystal lat-
tice. The dispersion relation of the electron-pair band is
given by
Ep(k) = εp −
∑
l Jp(Rl)e
ik·Rl
2
∑
l αp(Rl)e
ik·Rl
. (12)
5Because the considered electron-pair wavefunction
φ(R−Rm, r) of a two-electron atom has essentially the s-
symmetry[24, 37], the dispersion relation of the electron-
pair band in the 2D square-lattice crystal with lattice
constant λ can be approximated as
Ep(k) = εp− 1
2
Jp(0)−Jp(R1)[cos(kxλ)+cos(kyλ)], (13)
where only the nearest-neighbor tunneling term Jp(R1)
is considered. The value of Jp(R1) determines the band-
width of the electron-pair band. Because this is a co-
tunneling process of two paired electrons between the
neighbor sites and the effective mass of the electron pair
is twice of a single electron, the electron-pair bandwidth
should be much smaller than that of the single-electron
band. This dispersion relation will be confirmed in the
next section by making numerical calculations of the
metastable electron-pair band in 2D periodic potential
of a square lattice.
C. Metastable electron-pair band in 2D square
lattices
For a quantitative demonstration of the metastable
electron-pair band in a crystal and its renormalization
due to many-body effects, we will use the following 2D
periodic potential. For an electron at rj = (xj , yj) in a
2D square lattice with the lattice constant λ, the consid-
ered potential is given by
Vc(rj) = V0[cos(qxj) + cos(qyj)], (14)
where q = 2π/λ and V0 is the amplitude of the crystal po-
tential. Notice that, V0 is not a measurable quantity, e.g.,
the amplitude of the crystal potential in Fig. 1(c) should
be infinity. The potential defined in Eq. (14) with two
parameters λ and V0 will simplify our numerical calcula-
tions without losing any essential features of the theory.
In this 2D periodic potential, the energy has a continuous
spectrum for E ≥ 0. Therefore, two electrons can possi-
bly bind into a pair for E < 0 only. We have calculated
the single-electron and metastable electron-pair states in
this periodic potential. For the calculation details we
refer to Ref. 21.
The single-electron states are well known in this po-
tential. The Schro¨dinger equation for a single electron is
given by
H0ψk+Gl(rj) = El(k)ψk+Gl(rj), (15)
with
H0(rj) = −∇2j + V (rj), (16)
where k is the wavevector in the first Brillouin zone, l
is the band index, and Gl = lxqi + lyqj (with lx, ly =
0,±1,±2, ...) is the reciprocal-lattice vector; El(k) and
ψk+Gl(r) are the eigenvalue and eigenfunction, respec-
tively.
When we consider two electrons in this periodic poten-
tial, their Hamiltonian is given by
H = H0(r1) +H0(r2) +
2
|r1 − r2| , (17)
where the last term is the Coulomb repulsion poten-
tial between the two electrons. In the center of mass
R = (X,Y ) and relative r = (x, y) coordinates defined
in Eq. (2), the two-electron Hamiltonian becomes
H = −1
2
∇2R − 2∇2r +
2
r
+ 2V0
[
cos(qX) cos(
qx
2
) + cos(qY ) cos(
qy
2
)
]
. (18)
This Hamiltonian is periodic in X and Y with period
λ. We can choose a Bloch wavefunction in the center-of-
mass coordinates for our basis. As to the function in the
relative coordinates r = (r, θ), we have to consider the
symmetry of the electron-electron Coulomb potential and
the periodic potential representing a 2D square lattice.
We use the following basis for our wavefunction,
ψlx,ly ;n,m(R, r) =
1√
A
ei(k+Gl)·RRn,m(r)φm(θ), (19)
with
Rn,m(r) = βcn,m (2βξnr)
m
e−βξnrL2mn−m(2βξnr), (20)
and
φm(θ) =
1√
bmπ
cos(mθ), (21)
where n = 0, 1, 2, · · ·, m = 0, 1, 2, · · · , n, ξn = 2/(2n+ 1),
cn,m =
[
2ξ3n(n−m)!/(n+m)!
]1/2
, b0 = 2, bm = 1 for
m ≥ 1, and L2mn−m(x) is the generalized Laguerre polyno-
mial. The function Rn,m(r) is taken from the wavefunc-
tion of a 2D hydrogen atom[45, 46] with a modification
introduced by a dimensionless scaling parameter β. The
two-electron wavefunction can be written as
Ψk(R, r) =
∑
lx,ly
∑
n,m
alx,ly ;n,m(k)ψlx,ly;n,m(R, r). (22)
Considering the antisymmetry of the electron wavefunc-
tions with spin states, the two-electron wavefunction of
the spin singlet state is given by the above expression
with the sum over even m only.
Solving the corresponding eigenvalue equation of the
two-electron Hamiltonian given by Eq. (18) with the
above basis, we find a metastable electron-pair state of
spin-singlet in the 2D square lattice potential. As shown
in Ref. [21], for fixed period λ, a metastable electron-
pair state can be found when V0 is larger than a certain
value. A minimum potential V0 required for a metastable
electron-pair state in the periodic potential corresponds
to the critical nuclear charge Zc for a helium-like two-
electron atom. The metastable electron-pair state exist
6for E < 0 only. This indicates that co-tunneling of the
paired electrons occurs in the formation of the electron-
pair band in this 2D periodic potential. In the calcula-
tions we found that the average separation 〈r〉 between
two electrons in a metastable pair state is always smaller
than half the lattice constant, 〈r〉 < λ/2. The global
minimum of the eigenenergy of the two-electron system
occurs at 〈r〉 → ∞ corresponding to two non-interacting
single electrons. We also want to emphasize that the
parameter β in the wavefunction in Eq. (20) plays the
role of variational parameter to improve the correlation
energy of the electron pair. Because this parameter is
directly related to the average distance between the two
electrons in a pair, it helps us to understand better the
metastable electron-pair state. However, the parameter
β does not determine the existence of the electron-pair
state in the periodic potential.
In the following, we will present numerical results for
the band structure and show that the dispersion rela-
tion of the electron-pair band in this potential fits very
well the expression given by Eq. (13). Fig. 2(a) shows
the dispersion relations of the electron states in the 2D
crystal potential with λ = 1.3 aB and V0 = 15 Ry. The
dispersion relation Ep(k) of the spin-singlet metastable
electron-pair band is given together with that of the low-
est single-electron band E0(k). The electron-pair band
remains above the corresponding single-electron band be-
cause the Coulomb repulsion between the two electrons
is stronger than their correlation. However, the shape of
the dispersion relations of the two bands are very similar.
This confirms the dispersion relation of the electron-pair
band discussed in previous section within the framework
of the tight-binding approach. The similarity is due to
the fact that two paired electrons are closely bound in the
relative coordinates in real space with an average separa-
tion 〈r〉 less than half of the lattice period. Furthermore,
the single-electron and electron-pair states in the relative
coordinates are of the same symmetry. The average dis-
tance between the two electrons in the case of Fig. 2(a)
is 〈r〉 = 0.44λ. The energy gap between the electron-pair
band and the single-electron band is E
(0)
g . The energy
difference between the bottoms of the two bands at Γ
point is defined as ν0. The electron pair behaves as a
larger particle with both the mass and charge twice of a
single electron. Consequently, the tunneling probability
of an electron pair to its neighbor site is much smaller
than that of a single electron leading to a much narrower
electron-pair band.
We also find that the dispersion relation of the
electron-pair band can indeed be described by Eq. (13).
For instance, the dispersion of the electron-pair band
in Fig. 2(a) is fitted very well by Ep(k) = Ep,0 −
Jp,1[cos(kxλ) + cos(kyλ)], where Ep,0 = −1.35401 ±
0.00002 Ry and Jp,1 = 0.03368± 0.00002 Ry. The fitting
gives an extremely small fitting parameter χ2 = 3×10−8.
In Fig. 2(b) we plot the electron-pair band as a func-
tion of the lattice constant λ together with the two lowest
single-electron bands for fixed potential amplitude V0=15
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FIG. 2: (a) The dispersion relations of the electron-pair
(green) and single-electron (blue) states in the 2D crystal
with λ = 1.3 aB and V0 = 15 Ry. (b) The electron-pair
band (the green curves) together with the two lowest single-
electron bands (the solid and dash blue curves) versus lattice
constant λ for V0 = 15 Ry. (c) The electron-pair band ver-
sus λ for V0 = 5, 10, 15, and 20 Ry. (d) The energy gap
E
(0)
g (solid curves) and ν0 (the dashed curves) between the
electron-pair and single-electron bands as a function of λ for
V0 = 5, 10, 15, and 20 Ry.
7Ry. The two curves for each band indicate the minimum
and maximum energies of the band. We see that the
electron-pair band appears for λ >∼ 1.22 aB with a band-
width <∼ 0.2 Ry. It stays above the lowest single-electron
band with a gap E
(0)
g of about 3 to 5 Ry. The band-
width of the electron-pair band is at least one order of
magnitude smaller than that of the single-electron band.
Fig. 2(c) shows the electron-pair bands as a function of
λ for different V0. We see that the electron-pair band
appears for E < 0 because the energy spectrum is con-
tinuous for positive energy in the crystal potential given
by Eq. (14). It means that co-tunneling of the paired
electrons is required to form the energy band. There-
fore, their bandwidth is much smaller than that of the
single-electron band. The existence of the metastable
electron-pair band is a result of the local confinement
in each unit cell, the electron-electron correlation, and
the co-tunneling of the electron pair in the crystal. In
Fig. 2(d) we plot the energy gap E
(0)
g together with ν0.
They are important quantities for the renormalization of
the electron-pair states.
In the rest of the paper, we will demonstrate that
the metastable electron pairs can be stabilized at cer-
tain electron densities by including electron-electron and
electron-phonon interactions in the crystal. Since the
electron pairs are spin singlet, they will be considered as
bosonic quasiparticles and mostly distributed at the bot-
tom of the electron-pair band at low temperature. The
many-body effects in the crystal renormalize the band
structure. If the band renormalization can bring down
the bottom of the electron-pair band to the Fermi sur-
face of the single-electron band, the electron pairs at the
bottom of the band cannot decay into two single elec-
trons because of the Pauli exclusion principle. In such a
case, the electron pairs can be stabilized.
III. HAMILTONIAN OF THE TWO-BAND
MANY-ELECTRON SYSTEM INTERACTING
WITH LO-PHONONS
We consider the 2D electron system with two energy
bands: a lower single-electron band Es(k) and a higher
metastable electron-pair band ν0 + Ep(k). The bottom
of the single-electron band is taken as reference for en-
ergy E = 0 and the bottom of the electron-pair band is
at E = ν0 (see Fig. 2). Assuming that there are Nt elec-
trons in the system consisting of Ns single electrons and
Np electron pairs with Nt = Ns+2Np, the many-particle
exchange-correlation (xc) interactions will renormalize
the energy bands reducing the energies of both the single
electrons and electron pairs. In real materials, a 2D elec-
tron system can be found in the interface and surface of
bulk materials or in a 2D layer of layered crystal structure
such as superconducting cuprate, therefore interaction
between the electron system and crystal lattice vibration
and polarization affects the electron states. Considering
the ionic and polar-covalent characteristics of many su-
perconducting materials, the electron-LO-phonon inter-
actions can be significant and their contribution to the
energy-band renormalization is important.[16, 47] In this
section, we will present the many-particle Hamiltonian
including electron-electron (e-e) and electron-phonon (e-
ph) interactions assuming that the 2D electron layer is
immersed in a 3D phonon field. The Hamiltonian of the
considered system is giving by
H = Hel +Hph +Hel-ph, (23)
where Hel is for the electronic part with single electrons
and electron pairs, Hph for 3D LO-phonons, and Hel−ph
for e-ph interaction. The Hamiltonian of the electronic
part Hel was derived in Ref. [48], and is given by
Hel = Hsingle +Hpair +Hs-p, (24)
where Hsingle is for the single-electron (se) band, Hpair
for the electron-pair (ep) band, Hs−p for single-electron-
electron-pair (se-ep) interaction. For the Ns electrons in
the single-electron band, their Hamiltonian is given by
Hsingle =
∑
k,σ
Es(k)c
†
k,σck,σ
+
1
2A
∑
k1,k2,q
∑
σ,σ′
vqc
†
k1−q,σ
c†
k2+q,σ′
ck2,σ′ck1,σ ,(25)
where vq = vss(q) = 2
2pi
q is the single-electron-single-
electron (se-se) Coulomb potential, the operators c†k,σ
and ck,σ are creation and annihilation operators, re-
spectively, for a single electron of momentum h¯k and
spin σ. They obey the fermion anti-commutation rela-
tions {ck,σ, c†k′,σ′} = δk,k′δσ,σ′ , {ck,σ, ck′,σ′} = 0, and
{c†k,σ, c†k′,σ′} = 0. For Np electron pairs in the electron-
pair band, the Hamiltonian is given by
Hpair =
∑
k
2 (ν0 + Ep(k)) b
†
kbk
+
1
2A
∑
k1,k2,q
vpp(q)b
†
k1−q
b†k2+qbk2bk1 , (26)
where vpp(q) = 4vqfpp(q) is the electron-pair-electron-
pair (ep-ep) interaction potential with the form factor
fpp(q) given in Ref. [48], the operators b
†
k and bk are cre-
ation and annihilation operators, respectively, for a spin-
singlet electron pair of momentum h¯k. They obey the bo-
son commutation relations [bk, b
†
k′ ] = δk,k′ , [bk, bk′ ] = 0,
and [b†k, b
†
k′ ] = 0.
The se-ep interband interaction is give by
Hs-p = H
s
int +H
t
int, (27)
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Hsint =
1
A
∑
k,k1,q,σ
vsp(q)b
†
k1−q
c†k+q,σbk1ck,σ (28)
and
Htint =
1√
A
∑
k,q
vt(q)
×
(
b†kc k
2
+q,↑c k
2
−q,↓ + bkc
†
k
2
−q,↓
c†k
2
+q,↑
)
, (29)
where vsp(q) = 2vqfsp(q) is the se-ep interband scattering
potential (without breaking the electron pair) with form
factor fsp(q) and v
t(q) is the se-ep interaction potential
for interband transition (breaking or forming electron
pairs). They are given in Ref. 48 and f2sp(q) = fpp(q).
Notice that in the above Hamiltonian, the summation
over q does not include q=0 because it is cancelled out
with the background ion-ion interaction and the system
is neutral.
As we discussed in the previous section, the single elec-
trons and the paired electrons share the same space in the
crystal. The maximum total electron density is two elec-
trons per unit cell (per atom), paired or not. However,
when the potential amplitude V0 of the crystal is larger
than a certain value, two electrons in the same unit cell
will occupy the same atomic orbital in the relative coordi-
nates forming an electron pair. It means that in this case,
each unit cell can be occupied by a single electron or by an
electron pair, but not both at the same time. Therefore,
for a certain single-electron density ns = Ns/A (where
A is the area of the sample), the maximum electron-pair
density np = Np/A in the square-lattice crystal is given
by
nmaxp = λ
−2 − ns, (30)
where λ−2 is the density of the unit cell of the crystal.
Notice that ns = λ
−2 corresponds to half filling of the
single-electron band. The above condition indicates that
the single-electron band should be less than half filled if
there are any electron pairs in the crystal.
The Hamiltonian of the optical-phonon modes in
bulk materials with energy h¯ω
LO
and 3D wavevector Q
=(q, qz) is given by
Hph =
∑
Q
h¯ω
LO
a†QaQ, (31)
where a†Q (aQ) is the creation (annihilation) operator
of the LO-phonons. The interaction Hamiltonian of
a many-electron system with the LO-phonons is given
by,[16]
Hel-ph =
Nt∑
j=1
∑
Q
(
VQaQe
iQ·rj + V ∗Qa
†
Qe
−iQ·rj
)
, (32)
with the Fourier coefficient of the e-ph interaction poten-
tial
VQ = −ih¯ωLO
(
h¯
2m∗ω
LO
)1/4√
4πα
V Q2
, (33)
where rj is the position of the electron j with band mass
m∗. The Fro¨hlich electron-phonon coupling constant α
is defined by
α =
e2
h¯
√
h¯
2m∗ω
LO
(
1
ǫ∞
− 1
ǫ0
)
, (34)
where ǫ0 and ǫ∞ are the static and high-frequency dielec-
tric constant, respectively.
In the considered two-band system, the gap between
the two bands is E
(0)
g in the zero density limit. Although
the e-e and e-ph interactions in the crystal reduce the en-
ergies of both the single-electron and electron-pair bands,
their effects on the electrons in the paired states are larger
than those in the unpaired single-electron band. There-
fore, we expect that many-body effects will reduce the
energy gap between the two bands. We will calculate the
exchange-correlation corrections as well as the polaron
energies for both single electrons and electron pairs in-
cluding the screening effects in order to find out whether
the electron pairs can be stabilized or not.
In order to obtain the ground-state energy of the
present many-particle system with the single electrons,
electron pairs and LO-phonons, we will employ the Lee-
Low-Pines transformation[49] in dealing with the many-
polaron system[49–52]. For weak e-ph coupling, we can
assume the ground state of the electron-phonon system as
|GS〉 = |GSel〉|VACph〉, where |GSel〉 is the ground state
of the electronic part and |VACph〉 is the phonon vacuum
state with zero real phonons.[49, 50] The above approxi-
mation is valid for weak and intermediate e-ph coupling
strength[47, 49, 50, 53, 54] and it allows us to calculate
separately the electron exchange-correlation and polaron
contributions to the ground-state energy of the system,
given by
EGS = E
(el)
GS + E
(tot)
pol , (35)
where E
(el)
GS is the ground-state energy of the electronic
part without interaction with phonons and E
(tot)
pol is the
total polaron correction due to electron-phonon interac-
tion.
In the next two sections, we will calculate the contri-
butions of the electronic exchange-correlation interaction
and electron-phonon interaction to the renormalization of
the single-electron end electron-pair energies.
IV. ELECTRON-ELECTRON INTERACTIONS
WITH SINGLE ELECTRONS AND ELECTRON
PAIRS
It is known that in both 3D and 2D systems the
exchange-correlation energy for band-gap renormaliza-
9tion (BGR) is almost independent of the band charac-
teristics. The many-particle exchange-correlation energy
depends only on the inter-particle distance rs (deter-
mined by the particle density) in appropriate rescaled
natural units in a universal manner[55–57]. The contri-
bution of the electron-electron interaction to the BGR
can be obtained by calculating the average exchange-
correlation energies per particle or by calculating the self-
energies of the particles involved. The kinetic energy is
usually assumed to be unchanged in a renormalization
process.
In this section, we will calculate the ground-state en-
ergy E
(el)
GS of the electronic part consisting of the single
electrons and electron pairs. The corresponding Hamil-
tonian is given by Eqs. (24-29). Although the electron
pairs are metastable, we will treat them in the calcu-
lations as if they were stable particles. Only the final
results including full many-body corrections will tell us
whether they can really be stabilized or not. In the cal-
culations, we will first take the single-electron density ns
and electron-pair density np as inputs. The single elec-
trons are considered as fermions and electron pairs as
bosons. Therefore, we are dealing with a many-particle
system consisting of a boson-fermion mixture.[58] The
exchange-correlation energies are obtained as a function
of ns and np. We then determine their contributions to
the ground-state energy and the band renormalization.
Within such a scheme, the se-ep interaction Hamiltonian
Htint given in Eq. (29) will not be invoked explicitly in the
calculations. However, transitions between the single-
electron and electron-pair bands are permitted because
of this term. The many-particle interaction energy in
such a two-component system of boson-fermion mixture
can be obtained by[59]
Eij =
∫ e2
0
Eintij (ξ)
ξ
dξ, (36)
where the inter-particle interaction potential Eintij (ξ) is
given by
Eintij (e
2) =
1
2A
∑
q
vij(q)[Sij(q)− δij ]. (37)
The above potential depends on the “bare” inter-particle
potential vij(q) and static structure factor Sij(q), for
i, j = s (single electron) and p (electron pair). The static
structure factor can be calculated by,
Sij(q) = − 1
π
√
ninj
∫ ∞
0
dωχij(q, iω). (38)
Within the linear response theory, the density-density
response function χij(q, ω) of this two-component plasma
is given by[60, 61],
{[χ(q, ω)]−1}ij = [χ(0)ii (q, ω)]
−1
δij − ϕij(q), (39)
where χ
(0)
ii (q, ω) is the non-interacting polarizability[60–
63] of the ith component and ϕij(q) is the static effective
interaction potential. The function χ
(0)
ss (q, ω) is for a non-
interacting 2D electron gas given in Ref. [62]. The func-
tion χ
(0)
pp (q, ω) is the polarizability of a non-interacting 2D
boson gas of electron pairs with density np. The effective
potential ϕij(q) defines a local field correction[60, 64] in
terms of the “bare” potential vij(q). Within the random-
phase approximation (RPA), the local field correction
on the static effective interaction is neglected and there-
fore ϕij(q) = vij(q). The potential vij(q) has been de-
termined in the previous section given by vss(q) = vq,
vpp(q) = 4vqfpp(q), and vsp(q) = vps(q) = 2vqfsp(q).
For a non-interacting 2D boson (i.e., electron-pair) gas
with density np, we can assume that all the electron
pairs are in the same state at the bottom of the electron-
pair band at zero temperature, i.e., in the condensate
phase[61, 63]. The polarizability of the non-interacting
boson gas is given by,
χ(0)pp (q, iω) = −
2npεq,p
ω2 + ε2q,p
, (40)
where εq,p = q
2/2.
The contribution of the e-e interaction to the single-
electron band renormalization is given by ∆Es = Ess +
Esp and to the electron-pair band given by ∆Ep = (Epp+
Esp)/2. The ground-state energy of the two-band system
is given by
E
(el)
GS = Ekin +Ns(Ess +Esp) + 2Np
(
ν0 +
Epp + Esp
2
)
,
(41)
where Ekin is the kinetic energy of the many-electron
system. We calculate these energies within the RPA. Al-
though the RPA overestimates the exchange-correlation
energies ∆Es and ∆Ep, only the difference between them
contributes to the band-gap renormalization. The errors
resulting from the RPA should be partially cancelled in
the process when determining the condition of stability
of the electron pairs. Therefore, we consider the RPA a
reasonable approximation for our purpose. As mentioned
above, the kinetic energyEkin will be assumed unchanged
in the renormalization. It is given by Ekin = NsεF /2,
where εF is the Fermi energy of the single-electron band
in relation to its band bottom. In a two-dimensional sys-
tem, the average kinetic energy of a single electron is
εF /2. The electron pairs have no kinetic energy because
they are assumed to be at the bottom of the electron-pair
band in the condensate phase.
If we further assume that vsp(q) = 0, the single elec-
trons and electron pairs become independent in different
energy bands. The single-electron system is an usual one-
component 2D electron gas which has been widely inves-
tigated within different methods and approximations.[62,
65, 66] The system of electron pairs is new. Although
the electron pairs are metastable states, we will treat
them as stable particles when searching for their many-
particle ground state. The static structure factor of a
one-component boson system of electron pairs within the
10
RPA is given by,
S(1)pp (q) = [1 + 2npvpp(q)/εq,p]
− 1
2 . (42)
Consequently, we obtained the many-electron-pair
exchange-correlation energy,
E(1)pp = 8(r
p
s )
−
2
3 I, (43)
where rps = (πnp)
− 1
2 , and
I =
∫ ∞
0
dx{
(
x3
4
)[√
1 +
8
x3
fpp(q)− 1
]
− fpp(q)}.
(44)
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FIG. 3: (a) The many-particle interaction energies Ess, Esp,
Eps, and Epp in the 2D square-lattice potential with λ = 1.5
aB and V0 = 15 Ry keeping ns = 2np. The red-dash (blue-
dash) curve is for Ess (Epp) without se-ep interaction. The
black-dotted curve is for the 2D ideal charged boson gas. (b)
The interaction energies in the 2D systems with λ = 1.5 aB
and different V0. The form factor fpp(q) is given in the inset.
The calculations in Ref. [48] showed that fpp(q) is a
monotone decreasing function with fpp(0) = 1 and
fpp(∞) = 0. If we take fpp(q) ≡ 1 (consequently
〈r〉 = 0), i.e., assuming the electron pair as an ideal bo-
son with charge -2e and mass 2m∗, the above integral
becomes I = I0 = −1.29. This is the well-known RPA
result for an ideal charged 2D boson gas[67]. Notice that
the factor 8 in Eq. (43) is due to the units used here.
In Fig. 3 we show the many-particle interaction en-
ergies Ess, Esp, and Epp within the RPA in the sys-
tem keeping the same number of electrons in the single-
electron and electron-pair bands, i.e., ns = 2np. The
energy Esp = Eps is positive because of the se-ep re-
pulsion. Fig. 3(a) is for the 2D crystal with λ = 1.5
aB and V0 = 15 Ry. It shows the density depen-
dence of the interaction energies and the effects of se-
ep interaction. The blue-dash and red-dash curves are
the exchange-correlation energies E
(1)
pp and E
(1)
ss , respec-
tively, without the se-ep interaction. In this case, the
energy E
(1)
pp is obtained from Eqs. (43) and (44). We
see that the nonzero distance between the two electrons
in the pair (i.e., 〈r〉 > 0) affects the energy Epp. In
the calculations we found that λ/2 > 〈r〉 > λ/3. If
we assume 〈r〉 = 0 for the electron pairs, we obtain
E
(1)
pp = Eboson = −1.29 × 8(rps )
−
2
3 for an ideal charged
boson system in 2D indicated by the black-dotted curve.
We observe that the se-ep interband interaction not
only introduces the energy Esp but also reduces the ener-
gies Epp and Ess being evident in the difference between
the solid and dashed curves in Fig. 3(a). The density
dependence of the ep-ep interaction energy Epp is differ-
ent from that of the se-se interaction Ess. For example,
Epp is about 7 times larger than Ess at lower density
ns = 2np = 0.001 a
−2
B and this ratio is reduced to 3
times at higher density ns = 2np = 1.0 a
−2
B . In Fig. 3(b)
we show the many-particle interaction energies for differ-
ent potential V0. With increasing V0 for the same lattice
constant λ, the average distance 〈r〉 between the two elec-
trons in the same pair decreases and, consequently, the
form factor fpp(q) increases (as shown in the inset) and
the energy Epp becomes larger.
V. POLARON EFFECTS IN THE TWO-BAND
SYSTEM WITH SINGLE ELECTRONS AND
ELECTRON PAIRS
In this section, we will study the polaron effects on
the Nt electrons in the two-band system interacting with
LO-phonons assuming Ns electrons in the single-electron
band and Np electron pairs in the electron-pair band,
Ns + 2Np = Nt. The Hamiltonian of the system is given
in Eq. (23) and the electron-phonon interaction given by
Eq. (32). Considering a boson-fermion mixture (namely,
the electron pairs and single electrons) interacting with
the phonons, the electron-phonon interaction Hamilto-
nian in Eq. (32) can be separated into two parts,
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Hel-ph = H
single
e-ph +H
pair
e-ph, (45)
with
Hsinglee-ph =
Ns∑
j=1
∑
Q
(
VQaQe
iQ·rj + V ∗Qa
†
Qe
−iQ·rj
)
, (46)
for Ns single electrons, and
Hpaire-ph =
Np∑
j=1
∑
Q
[
2∑
ν=1
(
VQaQe
iQ·rj,ν + V ∗Q,a
†
Qe
−iQ·rj,ν
)]
=
Np∑
j=1
∑
Q
(
V pQ(r)aQe
iQ·Rj + V p
∗
Q (r)a
†
Qe
−iQ·Rj
)
(47)
for Np electron pairs, where V
p
Q(r) = 2VQ cos(
Q·r
2 ) and
Rj and r are the center-of-mass and relative coordinates
of the electron pair, respectively.
In the calculations of the polaron energies, we will
ignore the direct participation of the single-electron-
electron-pair interaction potential vsp(q). The potential
vsp(q) has a minor effect on the e-ph interaction. Its in-
fluence on the e-ph interaction is mostly indirect through
the electronic screening and it is taken into account in the
static structure-factor. Within such an approximation -
ignoring the potential vsp(q) in dealing with the e-ph in-
teractions, the Hamiltonian of the whole system defined
in Eq. (23) can be separated into two subsystems. They
are the one consisting of single electrons interacting with
phonons and the other of electron pairs interacting with
phonons. In this way, the contribution of the electron-
phonon interaction to the ground-state energy Etotpol in
Eq. (35) can be calculated as
E
(tot)
pol = NsE
single
pol +NpE
pair
pol , (48)
where Esinglepol and E
pair
pol are the polaron energies of the
single electron and electron pair, respectively.
The subsystem composed of single electrons interacting
with LO-phonons is
Hsinglepol = Hsingle +Hph +H
single
e-ph , (49)
where Hsingle is given by Eq. (25), Hph by Eq. (31), and
Hsinglee−ph by Eq. (46). The e-ph coupling leads to a polaron
consisting of an electron and a surrounding phonon cloud.
When the e-ph interaction is not too strong, the polaron
correction to the ground-state energy of an electron gas
can be calculated within the Lee-Low-Pines (LLP) uni-
tary transformation method.[49, 50] This method has
been used to study polaron gases in bulk materials and
also in low-dimensional systems.[51, 52] It is known that
the polaron energy obtained from the LLP transforma-
tion is exact for α → 0. In the low electron density
limit, the polaron energy obtained from the LLP method
for e-ph coupling constant α = 6 is 90% of the exact
value.[47, 54] Here we are dealing with a polaron gas in
which the screening reduces the electron-phonon interac-
tion strength. Therefore, the LLP method should yield
a reasonable polaron energy for α < 6.
We calculate the polaron energy within the LLP
method for the above Hamiltonian in Eq. (49), given by,
Esinglepol = −
∑
q,qz
|VQ|2S2ss(q)
h¯ω
LO
Sss(q) + h¯
2q2/2m∗
, (50)
where Sss(q) is the static structure factor of the single-
electron gas. In the low electron-density limit, Sss(q) =
1. This leads to the well known perturbation result
Esinglepol = −(π/2)αh¯ωLO for the polaron energy of an elec-
tron in 2D coupled with 3D-phonons.[51, 68]
Fig. 4(a) shows the polaron energy as a function of the
single-electron density ns in the 2D square-lattice crystal
with λ = 1.5 aB coupled with the 3D LO-phonons. The
polaron energy in the low-density limit without screen-
ing is indicated by the thin-dotted line. It is seen that
the screening of the electron gas considered in the struc-
ture factor Sss(q) in Eq. (50) reduces the polaron ef-
fect. At higher electron density ns = 1.0 a
−2
B , the po-
laron energy is only about 20% of its low-density value.
When there are also electron pairs in the crystal and
the se-ep interaction is included in the structure fac-
tor Sss(q) in the screening, the calculation results show
that the se-ep interaction reduces the screening and con-
sequently, enhances the polaron energy. The dashed
curves in Fig. 4(a) are obtained with electron-pair den-
sity np = ns/2 interacting with single-electrons. The red,
green and blue dashed curves are for V0 = 12, 15, and 18
Ry, respectively. The potential V0 affects the potentials
vsp and vpp. Its influences on the polaron energy is in-
directly through the structure factor Sss(q). Therefore,
we obtained almost the same value of Esinglepol for different
V0.
The subsystem consisting of electron pairs and LO-
phonons is given by the following Hamiltonian,
Hpairpol = Hpair +Hph +H
pair
e-ph, (51)
where Hpair is given by Eq. (26), Hph by Eq. (31),
and Hpaire−ph by Eq. (47). Following a similar procedure
as before and applying the LLP transformation to the
electron-pair-phonon interactions, we obtain the polaron
contribution to the energy of the electron pairs, given by
Epairpol = −
∑
q,qz
|Mpair(Q)|2 S2pp(q)
h¯ω
LO
Spp(q) + h¯
2q2/4m∗
, (52)
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FIG. 4: (a) The polaron energy as a function of the elec-
tron density ns for λ = 1.5 aB . The brown-solid curve is for
polarons with screening of the single-electron gas only. The
dashed curves are for polarons with screening of the coupled
single-electrons and electron pairs with np = ns/2. The red,
green, and blue dashed curves are for V0 = 12, 15, and 18 Ry,
respectively. (b) The bipolaron energy as a function of the
electron-pair density np. The solid (dash) curves for screen-
ing of the electron pairs without (with) interaction with sin-
gle electrons (ns = 2np). The horizontal dash-dotted lines are
for bipolarons without screening. The horizontal black-dotted
line is the upper bound of the bipolaron energy.
where Spp(q) is the static structure factor of the electron
pairs. The matrix element is given by
|Mpair(Q)|2 = |〈Ψk−q(R, r);Q|Hpaire−ph|Ψk(R, r); 0〉|2,
(53)
where |Ψk(R, r);Q〉 = |Ψk(R, r)〉|Q〉, with |Ψk(R, r)〉
for the electron-pair state and |Q〉 for the phonon
state. Using the metastable electron-pair wavefunction
in Eq. (22), we obtain
|Mpair(Q)|2 = 4|VQ|2fpp(q), (54)
where VQ is the e-ph interaction potential given by
Eq. (33), fpp(q) is the form-factor that appears in the
pair-pair interaction potential in Eq. (26).
We now obtain a Fro¨hlich bipolaron formed by an elec-
tron pair coupled with LO-phonons. Fig. 4(b) shows the
bipolaron energy in the crystals with λ = 1.5 aB and
V0 = 12, 15, and 18 Ry. The solid curves give the bipo-
laron energies for different V0 with only screening of the
electron pairs. For larger V0, the average distance 〈r〉 be-
tween the two electrons in a pair is smaller, i.e., the size
of the electron pair is smaller. Therefore, the bipolaron
energy is larger. But the screening reduces significantly
the bipolaron energy. We also see that, when se-ep in-
teraction is included in the structure factor Spp(q), the
screening of the electron-pair-phonon coupling is reduced
enhancing the bipolaron energy as shown by the dashed
curves for ns = 2np in the figure.
If we assume Spp(q) = 1, we obtain the low-density
limit of the bipolaron energy without screening given by
the horizontal dotted-dash lines. This is the case of a
single bipolaron without screening. If we further assume
fpp(q) = 1, we obtain the upper bound of the bipolaron
energy, Epairpol = −4
√
2(π/2)αh¯ω
LO
.[69] This is equivalent
to assuming the electron pair as a “larger single elec-
tron” with charge -2e and mass 2m∗ coupled to the LO-
phonons.
As a matter of fact, the effects of electron-phonon in-
teraction and possible bipolaron formation have been ex-
tensively studied as the electron pairing mechanism for
unconventional superconductivity.[47, 70–72] In order to
form a bipolaron in the crystal, a crucial point is that the
electron-phonon coupling induced attraction has to over-
come the electron-electron Coulomb repulsion.[47] This
requires not only a small ratio ǫ∞/ǫ0 of dielectric con-
stants but also a large enough electron-phonon coupling
constant α leading to a critical e-ph coupling constant
αc = 2.9 in 2D and αc = 6.8 in 3D for bipolaron forma-
tion.
However, the bipolaron formation mechanism in the
present theory is distinct from the traditional bipolaron
theory in the literature. In this paper, we show a pre-
formed metastable electron pair due to strong correla-
tion of two electrons occupying the same orbital. The
electron-phonon interaction dresses the electron pairs up
with a phonon cloud forming bipolarons. Therefore, in
the present context we introduce an internal interaction
due to orbital dependent electron correlation of the elec-
tron pair. The electron-phonon coupling involves in the
renormalization of the preformed electron pairs. Notice
that polaron effects can be much larger on the electrons
in the correlated pairs than on the single electrons, and
therefore the bipolaron contribution to the stabilization
of the electron pairs overcoming the Coulomb repulsion
becomes essential. We will show in the next section that
the certain electron pairs can indeed be stabilized as bipo-
larons.
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VI. STABILIZATION OF THE ELECTRON
PAIRS AND THE GROUND STATE OF THE
MANY-PARTICLE SYSTEM
The condition for stabilization of the electron pairs
when including renormalization is that the bottom of
the electron-pair band occurs at the Fermi energy of the
single-electron band. Using the same energy reference
defined in Sec. III, i.e., taking the bottom of the single-
electron band at Γ point before the renormalization as
E = 0, the many-particle interactions lower the single-
electron band bottom to
EΓs = Ess + Esp + E
single
pol , (55)
where Ess and Esp are determined by Eq. (36) and E
single
pol
is given by Eq. (50). The Fermi energy of the single-
electron band can be obtained by EF = E
Γ
s + εF where
εF is the energy difference between the Fermi energy and
the bottom of the band. It is determined by the single-
electron density and the density of states of the band.
We will not consider the many-body effects on εF . The
average kinetic energy per single electron in this band is
given by εF /2 in a two-dimensional system.
Including the band renormalization, the bottom of the
electron-pair band is given by
EΓp = ν0 +
1
2
(Epp + Esp + E
pair
pol ), (56)
where Epp and Esp are given by Eq. (36) and E
pair
pol by
Eq. (52). Notice that the energy of an electron pair is
given by 2EΓp .
Fig. 5 shows the energies for the renormalized single-
electron and electron-pair bands in the 2D crystal with
λ = 1.3 aB and V0 = 15 Ry coupled with the 3D
LO-phonons. The band structure without many-body
corrections was given in Fig. 2(a). The many-particle
interaction energies are obtained for a constant total
electron density nt = ns + 2np = 0.5 a
−2
B with differ-
ent e-ph coupling constant α. Because the polaron en-
ergy is given by the coupling constant α and the LO-
phonon energy h¯ωLO, the ratio Ry/h¯ωLO is required in
the calculations.[73] This ratio is a material dependent
parameter and has been used in the bound-polaron and
bound-bipolaron problems[73, 74]. Its value is in the
range from 0.5 to 2 for different materials.[74, 75] For
the present discussion, we take Ry/h¯ωLO=1.
Fig. 5(a) shows for fixed total electron density nt = 0.5
a−2B and e-ph coupling constant α = 4, the dependence of
the single-electron band bottom EΓs , its Fermi energyEF ,
and the electron-pair band bottom EΓp on the electron
distribution in the two bands ns and np. The total energy
per electron Etot is also given in the figure. It is the
average ground-state energy per electron in the system
calculated by Eqs. (35), (41), and (48), and is given by
Etot =
EGS
Nt
=
E
(el)
GS + E
(tot)
pol
Nt
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FIG. 5: The renormalized energies in the system of total elec-
tron density nt = ns + 2np = 0.5 a
−2
B in the 2D crystal with
λ = 1.3 aB and V0 = 15 Ry coupled to phonons. (a) The
bottom of single-electron band EΓs , the Fermi energy EF , the
bottom of the electron-pair band EΓp , and the total energy
per electron Etot are shown for e-ph coupling constant α = 4.
(b) The bottom of the electron-pair band and the Fermi en-
ergy of the single-electron band for different values of the cou-
pling constant α. The black dots indicate the position where
EΓp = EF .
=
ns
nt
(EΓs +
εF
2
) + 2
np
nt
EΓp , (57)
where EΓs and E
Γ
p are given by Eqs. (55) and (56), respec-
tively. It is seen that, though the total electron density nt
is a constant, the above obtained energies depend on the
distribution of the electrons between the two bands. Es-
pecially the energy of the electron-pair band EΓp depends
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FIG. 6: The stabilized electron-pair density np in (a) linear
scale and (b) logarithmic scale as a function of the single-
electron density ns in the system with λ = 1.3 aB and V0 =15
Ry for the e-ph coupling constant values α = 2.8 to 5.0. (c)
The same as (a) but for λ = 2.8 aB , V0 =5 Ry and α = 2.2
to 5.0. The thick-red curve indicates the maximum allowed
electron-pair density nmaxp = λ
−2
− ns.
strongly on np. In Fig. 5(a) we see that with increasing
the single-electron density ns, the single-electron band
EΓs and the Fermi energy EF vary slowly. Because nt
is a constant, increasing ns means decreasing np. At
low density np, the weak screening in the electron-pair
band enhances greatly the bipolaron energy resulting in
a lowering of the bottom of the electron-pair band EΓp
which reaches the Fermi surface. We find that under the
considered condition, EΓp touches the Fermi surface at
ns = 0.4774 a
−2
B and np = 0.0113 a
−2
B as indicated by
the black dot. For these densities, the electron pairs (or
the bipolarons) are stabilized on the Fermi surface. It
means that only 4.5% of the electrons in the system form
stable electron pairs in this case. If we look at the total
energyEtot, it tends to reduce the energy of the system at
the higher single-electron density side. But the electron
pairs on the Fermi surface cannot decay into two single
electrons due to the Pauli exclusion principle. Moreover,
breaking an electron pair needs a cost to overcome their
correlation energy. Therefore, the electron-pair density
is stabilized at np = 0.0113 a
−2
B in the ground state of
the system with α = 4 and nt = 0.5 a
−2
B . Fig. 5(b) shows
the electron-pair band energy EΓp and the single-electron
band Fermi energy EF in the same system with nt = 0.5
a−2B but for different e-ph coupling constant α. We see
that for α = 2 no stable electron pairs are found. The
calculations indicate that for α >∼ 3, part of the elec-
trons can form electron pairs on the Fermi surface at low
electron-pair density. The stabilized electron-pair densi-
ties are np = 0.001, 0.011, and 0.026 a
−2
B for α = 3, 4
and 5, respectively.
In order to determine the electron-pair density in the
ground-state of the system, we solve the following equa-
tion
EΓp (ns, np) = EF (ns, np), (58)
as a function of ns and np for fixed λ, V0 and α. Figs. 6(a)
and 6(b) show the density of stabilized electron-pairs or
bipolarons in linear and logarithmic scale, respectively,
as a function of the single-electron density in the system
with λ = 1.3 aB and V0 =15 Ry for α = 2.8, 3.0, 3.5, 4.0,
4.5, and 5.0. We see that for α = 2.8 a very low density
of electron pairs become stabilized. With increasing α,
more electron pairs appear in the system. For α = 5,
their density may reach np=0.032 a
−2
B . This corresponds
to about 11% of the electrons in the system are in the
electron-pair band. The thick-red curve in the figure is
the possible maximum electron-pair density nmaxp given
by Eq. (30). It is important to notice that the relation
between nmaxp and ns not only restrict the electron-pair
density being less than nmaxp . It also means that if ns
is larger than λ−2, i.e., the single-electron band filling is
more than half, there are no stable electron pairs in the
system. For the crystal with λ = 1.3 aB, the half filling
of the single-electron band occurs at ns = 0.5917 a
−2
B .
In Fig. 6(c) we show the electron-pair density in a dif-
ferent 2D potential with λ = 2.8 aB and V0 =5 Ry. In
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this case, the band-gap E
(0)
g and also ν0 are small, as
shown in Fig. 2. The half filling of the single-electron
band is at ns = 0.1276 a
−2
B . We find that for α ≃ 2,
some electron pairs can already be stabilized with small
density. For α = 5, the electron-pair density may reach
0.02 a−2B corresponding to 31% of the total electrons be-
ing in the paired state.
VII. SUMMARY AND OUTLOOK
The starting point of our work is that the electron-
electron correlation is orbital dependent. The exchange-
correlation energy of an electron pair occupying the
same orbital is larger than the average of the exchange-
correlation energy of many electrons. Depending
upon the crystal structure and potential, such electron
pairs can form a metastable electron-pair band. The
metastable electron-pair band is obtained in two differ-
ent ways. One follows the tight-binding method and the
other is similar to the nearly-free electron model. They
give consistent results for the dispersion relation of the
electron-pair states in the period potential.
Combining the metastable electron-pair band together
with the corresponding single-electron band, we con-
structed a many-particle system consisting of single elec-
trons and metastable electron pairs. When further con-
sidering many-body interaction renormalization includ-
ing single electrons, electron pairs, and optical phonons,
we found that the metastable electron pairs can be sta-
bilized. The calculations show that the polaron effects
play an essential role in counterbalancing the Coulomb
repulsion in the stabilization of the electron pairs. The
electron-phonon coupling is enhanced in the strongly cor-
related electron pairs and leads to the formation of bipo-
larons. On the other hand, screening affects significantly
both the polaron and bipolaron energies manifesting a
cooperative interplay of electron-electron and electron-
phonon interactions. The obtained ground state of the
system consists of polarons in the single-electron band
and bipolarons in the electron-pair band sitting on the
Fermi surface of the single-electron band.
The numerical calculations presented in this paper are
performed for simple potentials and with the s-orbital
in 2D square-lattice crystals. However, the physical pro-
cesses and numerical calculations for electron pairing can
be extended to a quasi-2D crystal of a single atomic layer
with finite thickness or to 3D systems. In principle, it
can also be extended to study the electron pairing in p-
and d-orbitals. The obtained results within the present
simple model predict light and small electron pairs (bipo-
larons) in the crystal. In the center-of-mass coordinates,
the electron pair is a Bloch wavefunction with an effec-
tive mass of twice a single electron. The pair is small
and local because the average separation between the two
electrons is less than half of the lattice constant and they
are localized in the same unit cell when expressed in the
relative coordinates. Furthermore, only a fraction of the
electrons in the system form pairs.
We have obtained a many-particle ground state with
spin-singlet electron pairs in the condensate phase. We
expect that these preformed electron pairs at certain den-
sities in coherent state will contribute to superconduc-
tivity. Finally, we want to comment on the possible “su-
perconducting energy gap”. From our calculations we
naturally infer such a gap to the transition energy re-
quired to break the stabilized electron pairs sitting on
the Fermi surface. This transition is determined by the
Hamiltonian Htint in Eq. (29) where the potential v
t(q)
was given by Eq. (11) in Ref. [48]. Because the electron
pairs are stabilized on the Fermi surface in the center of
the Brillouin zone at k = 0, an external excitation has to
overcome the internal correlation energy of an electron
pair to bring two electrons to the single-electron states
above the Fermi surface at ±k 6= 0. The minimum en-
ergy required (or the gap) is primarily determined by
the potential vt(q) and the final momenta ±h¯k of the
single-electron states. It is band structure dependent,
anisotropic, and nodeless.
Acknowledgments
This work was supported by the Brazilian agencies
FAPESP and CNPq. GQH would like to thank Prof.
Bangfen Zhu for his invaluable support and expert ad-
vice.
[1] J. G. Bednorz and K. A. Mu¨ller, Possible High-Tc Super-
conductivity in the Ba-La-Cu-O System, Z. Phys. B 64,
189 (1986).
[2] M. R. Norman, The Challenge of Unconventional Super-
conductivity, Science 332, 196 (2011).
[3] A. T. Bollinger and I. Bozˇovic´, Two-Dimensional Super-
conductivity in the Cuprates Revealed by Atomic-Layer-
by-Layer Molecular Beam Epitaxy, Supercond. Sci. Tech-
nol. 29, 103001 (2016).
[4] J. Zaanen, Superconducting Electrons Go Missing, Na-
ture (London) 536, 282 (2016).
[5] H. Hosono and K. Kuroki, Iron-Based Superconductors:
Current Status of Materials and Pairing Mechenism,
Phys. C 514, 399 (2015).
[6] P. O. Sprau, A. Kostin, A. Kreisel, A. E. Bo¨hmer, V.
Taufour, P. C. Canfield, S. Mukherjee, P. J. Hirschfeld, B.
M. Andersen, J. C. Se`amus Davis, Discovery of Orbital-
Selective Cooper Pairing in FeSe, Science 357, 75 (2017).
[7] S. Kasahara, T. Yamashita, A. Shi, R. Kobayashi, Y. Shi-
moyama, T. Watashige, K. Ishida, T. Terashima, T Wolf,
F. Hardy, C. Meingast, H. v. Lo¨hneysen, A. Levchenko,
T. Shibauchi, and Y. Matsuda, Giant Superconducting
16
Fluctuations in the Compensated Semimetal FeSe at the
BCS-BEC Crossover, Nature Comm. 7, 12843 (2016).
[8] S. Gerber, S.-L. Yang, D. Zhu, H. Soifer, J. A. Sob-
ota, S. Rebec, J. J. Lee, T. Jia, B. Moritz, C. Jia, A.
Gauthier, Y. Li, D. Leuenberger, Y. Zhang, L. Chaix,
W. Li, H. Jang, J.-S. Lee, M. Yi, G. L. Dakovski, S.
Song, J. M. Glownia, S. Nelson, K. W. Kim, Y.-D.
Chuang, Z. Hussain, R. G. Moore, T. P. Devereaux,
W.-S. Lee, P. S. Kirchmann, and Z.-X. Shen, Femtosec-
ond Electron-Phonon Lock-in by Photoemission and X-
ray Free-Electron Laser, Science 357, 71 (2017).
[9] Y. Kubozono, R. Eguchi, H. Goto, S. Hamao, T. Kambe,
T. Terao, S. Nishiyama, L. Zheng, X. Miao, and H.
Okamoto, Recent Progress on Carbon-Based Supercon-
ductors, J. Phys.: Condens. Matter 28, 334001 (2016).
[10] S. Heguri, M. Kobayashi, and K. Tanigaki, Question-
ing the Existence of Superconducting Potassium Doped
Phases for Aromatic Hydrocarbons, Phys. Rev. B 92,
014502 (2015).
[11] J. Bardeen, L. N. Cooper, J. R. Schrieffer, Theory of
Superconductivity, Phys. Rev. 108, 1175 (1957).
[12] I. Bozˇovic´, X. He, J. Wu, and A. T. Bollinger, Depen-
dence of the Critical Temperature in Overdoped Copper
Oxides on Superfluid Density, Nature (London) 536, 309
(2016).
[13] I. Bozˇovic´, J. Wu, X. He, and A. T. Bollinger, On the Ori-
gin of High-Temperature Superconductivity in Cuprates,
Proc. of SPIE Vol. 10105, 1010502 (2017).
[14] Y. Zhong, Y. Wang, S. Han, Y.-F. Lv, W.-L. Wang, D.
Zhang, H. Ding, Y.-M. Zhang, L. Wang, K. He, R. Zhong,
J. A. Schneeloch, G.-D. Gu, C.-L. Song. X.-C. Ma, and
Q.-K. Xue, Nodeless Pairing in Superconducting Copper-
Oxide Monolayer Films on Bi2Sr2CaCu2O8+δ, Sci. Bull.
61, 1239 (2016).
[15] M.-Q. Ren, Y.-J. Yan, T. Zhang, and D.-L. Feng, Possi-
ble Nodeless Superconducting Gaps in Bi2Sr2CaCu2O8+δ
and YBa2Cu3O7−x Revealed by Cross-Sectional Scanning
Tunneling Spectroscopy, Chin. Phys. Lett. 33, 127402
(2016).
[16] G. D. Mahan, Many-Particle Physics (Plenum, New
York, 1990).
[17] O. Sinanog˘lu, Many-Electron Theory of Atoms and
Molecules. I. Shells, Electron Pairs vs Many-Electron
Correlations, J. Chem. Phys. 36, 706 (1962).
[18] R. Slupski, K. Jankowski, and J. R. Flores, On the (N, Z)
Dependence of the Second-Order Møller-Plesset Correla-
tion Energies for Closed-Shell Atomic Systems, J. Chem.
Phys. 145, 104308 (2016).
[19] C. Ha¨ttig, W. Klopper, A. Ko¨hn, and D. P. Tew, Explic-
itly Correlated Electrons in Molecules, Chem. Rev. 112,
4 (2012).
[20] N. W. Ashcroft and N. D. Mermin, Solid State Physics,
(Holt, Rinehart and Winston, New York, 1976).
[21] G.-Q. Hai and L. K. Castelano, Metastable Electron-Pair
States in a Two-Dimensional Crystal, J. Phys.: Condens.
Matter 26, 115502 (2014).
[22] G. Tanner, K. Richter, and J.-M. Rost, The Theory of
Two-Electron Atoms: Between Ground State and Com-
plete Fragmentation, Rev. Mod. Phys. 72, 497 (2000).
[23] A. R. P. Rau, The Negative Ion of Hydrogen, J. Astro-
phys. Astr. 17, 113 (1996).
[24] H, Høgaasen, J.-M. Richard, and P. Sorba, Two-Electron
Atoms, Ions, and Molecules, Am. J. Phys. 78, 86 (2010).
[25] P.-F. Loos and P. M. W. Gill, A Tale of Two Electrons:
Correlation at High Density, Chem. Phys. Lett. 500, 1
(2010).
[26] E. A. Hylleraas, New Calculations of the Energy of He-
lium in the Ground State, and the Deepest Terms of
Ortho-Helium, Z. Phys. 54, 347 (1929).
[27] H. Kleindienst and R. Emrich, The Atomic 3-Body
problem - an Accurate Lower Bond Calculation Using
Wavefunctions with Logarithmic Terms, Int. J. Quantum
Chem. 37, 257 (1990).
[28] J. Baker, D. E. Freund, R. N. Hill, and J. D. Morgan,
Radius of Convergence and Analytic Behavior of the 1/Z
Expansion, Phys. Rev. A 41, 1247 (1990).
[29] A. J. Thakkar and T. Koga, Ground-State Energies for
the Helium Isoelectronic Series, Phys. Rev. A 50, 854
(1994).
[30] A. M. Frolov, Optimization of Nonlinear Parameters in
Trial Wavefunctions with a Very Large Number of Terms,
Phys. Rev. E 74, 027702 (2006).
[31] H. Nakashima and H. Nakatsuji, Solving the Schro¨dinger
Eqution for Helium Atom and its Isoelectronic Ions with
the Free Iterative Completment Interation (ICI) Method,
J. Chem. Phys. 127, 224104 (2007).
[32] A. V. Turbiner and J. C. L. Vieyra, On 1/Z Expansion,
the Critical Charge for a Two-Electron System, and the
Kato Theorem, Can. J. Phys. 94, 249 (2016).
[33] C. S. Estienne, M. Busuttil, A. Moini, and G. W. F.
Drake, Critical Nuclear Charge for Two-Electron Atoms,
Phys. Rev. Lett. 112, 173001 (2014). Erratum Phys. Rev.
Lett. 113, 039902 (2014).
[34] R. P. Madden and K. Codling, New Autoionizing Atomic
Energy Levels in He, Ne, and Ar, Phys. Rev. Lett. 10,
516 (1963); Two-Electron Excitation States in Helium,
Astrophysical Journal 141, 364 (1965).
[35] S. Huant, S. P. Najda, and B. Etienne, Two-Dimensional
D− Centers, Phys. Rev. Lett. 65, 1486 (1990).
[36] J. M. Shi, F. M. Peeters, and J. T. Devreese, D− States
in GaAs/AlxGa1xAs Superlattices in a Magnetic Field,
Phys. Rev. B 51, 7714 (1995); J. M. Shi, F. M. Peeters,
G.-Q. Hai, and J. T. Devreese, Donor Transition En-
ergy in GaAs Superlattices in a Magnetic Field along the
Growth Axis, Phys. Rev. B 44, 5692 (1991).
[37] D. E. Phelps and K. K. Bajaj, Ground-State Energy of a
D− Ion in Two-Dimensional Semiconductors, Phys. Rev.
B 27, 4883 (1983).
[38] M. V. Ivanov and P. Schmelcher, Two-Dimensional Nega-
tive Donors in Magnetic Fields, Phys. Rev. B 65, 205313
(2002).
[39] W. Y. Ruan, K. S. Chan, and E. Y. B. Pun, Ground
and Doubly Excited States of Two-Dimensional D− Cen-
ters, Phys. Rev. B 63, 205204 (2001); Solution of the
Schrodinger Equation for Two-Dimensional D− Centres
with Correlation Functions, J. Phys.: Condens. Matter
13, 1329 (2001).
[40] N. F. Mott, The Basis of the Electron Theory of Metals,
with Special Reference to the Transition Metals, Proc.
Phys. Soc. London Sect. A 62, 416 (1949); The Tran-
sition to the Metallic State, Phil. Mag. 6, 287 (1961);
Metal-Insulator Transition, Rev. Mod. Phys. 40, 677
(1968).
[41] V. Dobrosavljevic´, Introduction to Metal-Insulator Tran-
sitions, (Oxford University Press, 2011).
[42] J. Hubbard, Electron Correlations in Narrow Energy
Bands, Proc. Roy. Soc. (London) A276, 238 (1963); Elec-
tron Correlations in Narrow Energy Bands III. An Im-
17
proved Solution, ibid. A281, 401 (1964).
[43] D. J. Scalapino, A Common Thread: The Pairing Inter-
action for Unconventional Superconductors, Rev. Mod.
Phys. 84, 1383 (2012).
[44] Philip J. Davis, Circulant Matrices, AMS Chelsea Pub-
lishing (1994).
[45] D. G. W. Parfitt and M. E. Portnoi, The Two-
Dimensional Hydrogen Atom Revisited, J. Math. Phys.
43, 4681 (2002).
[46] C. F. Dunkl, A Laguerre Polynomial Orthogonality and
the Hydrogen Atom, Anal. Appl. 1, 177 (2003).
[47] J. T. Devreese and A.S. Alexandrov, Fro¨hlich Polaron
and Bipolaron: Recent Developments, Rep. Prog. Phys.
72, 066501 (2009).
[48] G.-Q. Hai and F. M. Peeters, Hamiltonian of a Many-
Electron System with Single-Electron and Electron-Pair
States in a Two-Dimensional Periodic Potential, Eur.
Phys. J. B 88, 20 (2015).
[49] T. D. Lee, F. E. Low, and D. Pines, The Motion of Slow
Electrons in a Polar Crystal, Phys. Rev. 90, 297 (1953).
[50] L. F. Lemmens, J. T. Devreese, and F. Brosens, On the
Ground State Energy of a Gas of Interacting Polarons,
Phys. Stat. Sol. (b) 82, 439 (1977).
[51] X. G. Wu, F. M. Peeters, and J. T. Devreese, Screening
of the Electron-Phonon Interaction in GaAs Heterostruc-
tures, Phys. Stat. Sol. (b) 133, 229 (1986).
[52] G.-Q. Hai, F. M. Peeters, J. T. Devreese, and L. Wendler,
Screening of the Electron-Phonon Interaction in Quasi-
One-Dimensional Semiconductor Structures, Phys. Rev.
B 48, 12016 (1993).
[53] D. M. Larsen, Polarons Bound in a Coulomb Potential.
I. Ground State, Phys. Rev. 187, 1147 (1969).
[54] A. S. Mishchenko, N. V. Prokof,ev, A. Sakamoto, and
B. V. Svistunov, Diagrammatic Quantum Monte Carlo
Study of the Fro¨hlich Polaron, Phys. Rev. B 62, 6317
(2000).
[55] P. Vashishta and R. K. Kalia, Universal Behavior of
Exchange-Correlation Energy in Electron-Hole Liquid,
Phys. Rev. B 25, 6492 (1982).
[56] G. Tra¨nkle, H. Leier, A, Forchel, H. Haug, C. Ell, and
G. Weimann, Dimensionality Dependence of the Band-
Gap Renormalization in Two- and Three-Dimensional
Electron-Hole Plasmas in GaAs, Phys. Rev. Lett. 58, 419
(1987).
[57] D. A. Kleinman and R. C. Miller, Band-Gap Renor-
malization in Semiconductor Quantum Wells Containing
Carriers, Phys. Rev. B 32, 2266 (1985).
[58] R. Friedberg and T. D. Lee, Gap Energy and Long-Range
Order in the Boson-Fermion Model of Superconductivity,
Phys. Rev. B 40, 6745 (1989); Boson-Fermion Model of
Superconductivity, Phys. Lett. A 138, 423 (1989).
[59] D. Pines and P. Nozie`res, The theory of quantum liquids:
Volume I, W. A. Benjamin, New York (1966).
[60] P. Vashishta, P. Bhattacharyya, and K. S. Singwi,
Electron-Hole Liquid in Many-Band Systems. I. Ge and
Si under Large Uniaxial Strain, Phys. Rev. B 10, 5108
(1974).
[61] R. Asgari and B. Tanatar, Correlations in Charged
FermionBoson Mixture in Dimensionalities D=2 and
D=3, Phys. Lett. A 359, 143 (2006).
[62] T. Ando, A. B. Fowler, and F. Stern, Electronic Proper-
ties of Two-Dimensional Systems, Rev. Mod. Phys. 54,
437 (1982).
[63] D. F. Hines and N. E. Frankel, Charged Bose Gas in Two
Dimensions. Zero Magnetic Field, Phys. Rev. B 20, 972
(1979).
[64] R. K. Moudgil, P. K. Ahluwalia, K. Tankeshwar, and
K. N. Pathak, Static and Dynamic Properties of a Two-
Dimensional Charged Bose Fluid, Phys. Rev. B 55, 544
(1997).
[65] A. Isihara, Electron Correlations in Two Dimensions,
Solid State Physics 42, 271 (1989).
[66] B. Tanatar and D. M. Ceperley, Ground State of the Two-
Dimensional Electron Gas, Phys. Rev. B 39, 5005 (1989).
[67] C. I. Um, A. Isihara, and S. T. Choh, Ground State
Energy and Pair Distribution Function of 2-D Quantum
Fluids, J. Kor. Phys. Soc. 14, 39 (1981).
[68] S. Das Sarma and B. A. Mason, Optical Phonon Interac-
tion Effects in Layered Semiconductor Structures, Annals
of Phys. 163, 78 (1985).
[69] J. M. Shi, F. M. Peeters, G. A. Farias, J. A. K. Freire, G.
Q. Hai, J. T. Devreese, S. Bednarek, and J. Adamowski,
Polaron Effect on D− Centers in Weakly Polar Semicon-
ductors, Phys. Rev. B 57, 3900 (1998).
[70] D. Emin and M. S. Hillery, Formation of a Large Singlet
Bipolaron: Application to High-Temperature Bipolaronic
Superconductivity, Phys. Rev. B 39, 6575 (1989).
[71] J. Adamowski, Formation of Fro¨hlich Bipolarons, Phys.
Rev. B 39, 3649 (1989).
[72] G. Verbist, F. M. Peeters, and J. T. Devreese, Large Bipo-
larons in Two and Three Dimensions, Phys. Rev. B 43,
2712 (1991).
[73] N. I. Kashirina and V. D. Lakhno, Large-Radius Bipo-
laron and the Polaron-Polaron Interaction, Physics Us-
pekhi 53, 431 (2010); D. M. Larsen, Giant Binding of D−
Centers in Polar Crystals, Phys. Rev. B 23, 628 (1981).
[74] N. I. Kashirina, V. D. Lakhno, V. V. Sychev, and M. K.
Sheinkman, Properties of Shallow-Level D−-Centers in
Polar Semiconductors, Semiconductors 37, 302 (2003).
[75] E. van Heumen, E. Muhlethaler, A. B. Kuzmenko, H.
Eisaki, W. Meevasana, M. Greven, and D. van der
Marel, Optical Determination of the Relation Between
the Electron-Boson Coupling Function and the Critical
Temperature in High-Tc Cuprates, Phys. Rev. B 79,
